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PDE + Initial Data + Boundary Conditions Solution

Transport Equation (Version 1)

ut + c(x)ux = 0, x ∈ R, t > 0,

u(x, 0) = f(x), x ∈ R

u(x, t) = f(x0),
where one obtains x0 by first solving the IVP

dx
dt = c(x), x(0) = x0, and then then by solving for

x0 in terms of x and t.

Transport Equation (Version 2)

ut + F (u)x = 0, x ∈ R, t > 0,

u(x, 0) = f(x), x ∈ R

Riemann Problem:

Suppose f(x) =

{
ul x < x0

ur x > x0

. Define s := F (ul)−F (ur)
ul−ur .

• If F ′(ul) > s > F ′(ur), then

u(x, t) =

{
u` x− x0 < st

ur x− x0 > st
.

• If F ′(ul) 6> s 6> F ′(ur), then

u(x, t) =


u` x− x0 < F ′(ul)t

(F ′)−1
(
x−x0

t

)
F ′(ul)t+ x0 ≤ x ≤ F ′(ur)t+ x0

ur x− x0 > F ′(ur)t

.

Other initial data:
If f(x) is not as above, and continuous, then u(x, t) = f(x0),

where one solves for x0 in the equation of the characteristic line:
x = x0 + c(f(x0))t.

In the case that f is given piecewise, x0 will vary depending on
these piecewise conditions, and so u(x, t) will also be piecewise.

Numerical Schemes:

• Using forward difference quotients,

ut(x, t) ≈
uj,n+1 − uj,n

∆t
.

F (u)x(x, t) ≈ F (uj+1,n)− F (uj,n)

∆x
.

• Using a backward difference quotient for F (u)x,

F (u)x(x, t) ≈ F (uj,n)− F (uj−1,n)

∆x
.

• Always use the forward difference scheme to approxi-
mate ut.

• If c(u(x, 0)) > 0 for all x, then with ρ := ∆x
∆t , the

scheme is

uj,n+1 = uj,n −
1

ρ
[F (uj,n)− F (uj−1,n)].

• If c(u(x, 0)) < 0 for all x, then the scheme is

uj,n+1 = uj,n −
1

ρ
[F (uj+1,n)− F (uj,n)].

• (CFL condition) We insist that the ratio ρ is cho-

sen so that maxx∈R |c(u(x,0))|
ρ ≤ 1. Putting cmax :=

maxx∈R c(u(x, 0)),
∆t |cmax| ≤ ∆x.
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PDE + Initial Data + Boundary Conditions Solution

Homogeneous Heat Equation IVP

ut − kuxx = 0, x ∈ R, t > 0

u(x, 0) = f(x), x ∈ R.

u(x, t) =

∫
R
S(x− y, t)f(y)dy

where S(x, t) =
1√

4πkt
e−

x2

4kt

Numerical Schemes:

• Always use forward difference quotient for ut,

ut(x, t) ≈
uj,n+1 − uj,n

∆t
.

• Use centered difference quotient for uxx at t + ∆t,

uxx(x, t) ≈ uj+1,n+1 − 2uj,n+1 + uj−1,n+1

∆x2
.

• Then the scheme is
uj,n = (1 + 2s)uj,n+1 − s(uj+1,n+1 + uj−1,n+1),

where s = k∆t/∆x2.

Inhomogeneous Heat Equation IVP

ut − kuxx = q(x, t), x ∈ R, t > 0,

u(x, 0) = f(x), x ∈ R.

u(x, t) =

∫
R
S(x− y, t)f(y)dy +

∫ t

0

∫
R
S(x− y, t− s)q(y, s)dyds

Homogeneous Heat Equation
IBVP on the Half Line (Dirichlet)

ut − kuxx = 0, x > 0, t > 0,

u(x, 0) = f(x), x > 0,

u(0, t) = 0, t > 0

(1) Define an odd extension of f(x):

f̃(x) =

{
f(x) x > 0

−f(−x) x < 0
.

(2) The solution to
ũt − kũxx = 0, t > 0, x ∈ R,

ũ(x, 0) = f̃(x), x ∈ R
is given by

ũ(x, t) =

∫ ∞
0

[S(x− y, t)− S(x+ y, t)]f(y)dy.

(3) Then u(x, t) = ũ(x, t)
∣∣
x>0

.

Homogeneous Heat Equation
IBVP on the Half Line (Neumann)

ut − kuxx = 0, x > 0, t > 0,

u(x, 0) = f(x), x > 0,

ux(0, t) = 0, t > 0

(1) Define an even extension of f(x):

f̃(x) =

{
f(x) x > 0

f(−x) x < 0
.

(2) The solution to
ũt − kũxx = 0, x ∈ R, t > 0,

ũ(x, 0) = f̃(x), x ∈ R
is given by

ũ(x, t) =

∫ ∞
0

[S(x− y, t) + S(x+ y, t)]f(y)dy.

(3) Then u(x, t) = ũ(x, t)
∣∣
x>0

.

Homogeneous Heat Equation
IBVP on a Finite Interval (Dirichlet)

ut − kuxx = 0, 0 < x < L, t > 0,

u(x, 0) = f(x), 0 < x < L,

u(0, t) = u(L, t) = 0, t > 0

u(x, t) =

∞∑
n=1

Anϕn(x)ψn(t), where

• ϕn(x) = sin
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx

• ψn(t) = e−(nπL )
2
kt
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PDE + Initial Data + Boundary Conditions Solution

Homogeneous Heat Equation
IBVP on a Finite Interval (Neumann)

ut − kuxx = 0, 0 < x < L, t > 0,

u(x, 0) = f(x), 0 < x < L,

ux(0, t) = ux(L, t) = 0, t > 0

u(x, t) =
A0

2
+

∞∑
n=1

Anϕn(x)ψn(t), where

• ϕn(x) = cos
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx

• ψn(t) = e−(nπL )
2
kt

Inhomogeneous Heat Equation
IBVP on a Finite Interval (Dirichlet)

ut − kuxx = q(x, t), 0 < x < L, t > 0,

u(x, 0) = f(x), 0 < x < L,

u(0, t) = u(L, t) = 0, t > 0

u(x, t) =

∞∑
n=1

Anϕn(x)ψn(t) + ϕn(x)

∫ t

0

qn(s)ψn(t− s)ds, where

• ϕn(x) = sin
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx

• ψn(t) = e−(nπL )
2
kt

• qn(t) =
〈q, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

q(x, t)ϕn(x)dx

Inhomogeneous Heat Equation
IBVP on a Finite Interval (Neumann)

ut − kuxx = q(x, t), 0 < x < L, t > 0,

u(x, 0) = f(x), 0 < x < L,

ux(0, t) = ux(L, t) = 0, t > 0

u(x, t) =
A0

2
+

∞∑
n=1

Anϕn(x)ψn(t) + ϕn(x)

∫ t

0

qn(s)ψn(t− s)ds,

where

• ϕn(x) = cos
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx

• ψn(t) = e−(nπL )
2
kt

• qn(t) =
〈q, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

q(x, t)ϕn(x)dx

Homogeneous Heat Equation IBVP
on a Finite Interval with

Inhomogeneous Boundary Data (Dirichlet)

ut − kuxx = 0, 0 < x < L, t > 0,

u(x, 0) = f(x), 0 < x < L,

u(0, t) = l(t), u(L, t) = r(t), t > 0

(1) Define g(x, t) = l(t) + x
L (r(t)− l(t)) and v = u− g.

(2) Then v satisfies
vt − kvxx = −gt(x, t), 0 < x < L, t > 0,

v(x, 0) = f(x)− g(x, 0), 0 < x < L,

v(0, t) = v(L, t) = 0, t > 0

(3) Use the previous solution to find v, and then u = v + g.

Homogeneous Heat Equation IBVP
on a Finite Interval with

Inhomogeneous Boundary Data (Neumann)

ut − kuxx = 0, 0 < x < L, t > 0,

u(x, 0) = f(x), 0 < x < L,

ux(0, t) = l(t), ux(L, t) = r(t), t > 0

(1) Define g(x, t) = l(t)x+
(

(r(t)−l(t))
2L

)
x2 and v = u− g.

(2) Then v satisfies
vt − kvxx = −gt(x, t)− kgxx(x, t), 0 < x < L, t > 0,

v(x, 0) = f(x)− g(x, 0), 0 < x < L,

vx(0, t) = vx(L, t) = 0, t > 0

(3) Use the previous solution to find v, and then u = v + g.

Homogeneous Wave Equation IVP

utt − c2uxx = 0, x ∈ R, t ∈ R
u(x, 0) = f(x), x ∈ R
ut(x, 0) = g(x), x ∈ R

u(x, t) =
1

2
[f(x+ ct) + f(x− ct)] +

1

2c

∫ x+ct

x−ct
g(y)dy

Inhomogeneous Wave Equation IVP
with Initial Data zero

utt − c2uxx = q(x, t), x ∈ R, t ∈ R
u(x, 0) = 0, x ∈ R
ut(x, 0) = 0, x ∈ R

u(x, t) =
1

2c

∫ t

0

∫ x+c(t−s)

x−c(t−s)
q(y, s)dyds
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PDE + Initial Data + Boundary Conditions Solution

Homogeneous Wave Equation
IBVP on the Half Line (Dirichlet)

utt − c2uxx = 0, x > 0, t ∈ R
u(x, 0) = f(x), x ≥ 0

ut(x, 0) = g(x), x ≥ 0

u(0, t) = 0, t ∈ R

• On Q = {(x, t) ∈ R2 | x > ct, t ≥ 0},

u(x, t) =
1

2
[f(x+ ct) + f(x− ct)] +

1

2c

∫ x+ct

x−ct
g(y)dy

• On R = {(x, t) ∈ R2 | 0 ≤ x ≤ ct, t ≥ 0},
u(x, t) =

1

2
[f(x+ ct)− f(ct− x)]

+
1

2c

[∫ x+ct

0

g(y)dy −
∫ ct−x

0

g(y)dy

]

Homogeneous Wave Equation
IBVP on the Half Line (Neumann)

utt − c2uxx = 0, x > 0, t ∈ R
u(x, 0) = f(x), x ≥ 0

ut(x, 0) = g(x), x ≥ 0

ux(0, t) = 0, t ∈ R

• On Q = {(x, t) ∈ R2 | x > ct, t ≥ 0},

u(x, t) =
1

2
[f(x+ ct) + f(x− ct)] +

1

2c

∫ x+ct

x−ct
g(y)dy

• On R = {(x, t) ∈ R2 | 0 ≤ x ≤ ct, t ≥ 0},
u(x, t) =

1

2
[f(x+ ct) + f(ct− x)]

+
1

2c

[∫ x+ct

0

g(y)dy +

∫ ct−x

0

g(y)dy

]

Homogeneous Wave Equation
IBVP on a Finite Interval (Dirichlet)

utt − c2uxx = 0, 0 < x < L, t ∈ R
u(x, 0) = f(x), 0 < x < L

ut(x, 0) = g(x), 0 < x < L

u(0, t) = u(L, t) = 0, t ∈ R

u(x, t) =

∞∑
n=1

[An cos(ωnt) +Bn sin(ωnt)]ϕn(x)

• ϕn(x) = sin
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx.

• ωn =
cnπ

L

• ωnBn =
2

L

∫ L

0

g(x)ϕn(x)dx.

Homogeneous Wave Equation
IBVP on a Finite Interval (Neumann)

utt − c2uxx = 0, 0 < x < L, t ∈ R
u(x, 0) = f(x), 0 < x < L

ut(x, 0) = g(x), 0 < x < L

ux(0, t) = ux(L, t) = 0, t ∈ R

u(x, t) =
1

2
(A0 +B0t) +

∞∑
n=1

[An cos(ωnt) +Bn sin(ωnt)]ϕn(x)

• ϕn(x) = cos
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx.

• ωn =
cnπ

L

• ωnBn =
2

L

∫ L

0

g(x)ϕn(x)dx.

• B0 =
2

L

∫ L

0

g(x)dx

Inhomogeneous Wave Equation
IBVP on a Finite Interval (Dirichlet)

utt − c2uxx = q(x, t), 0 < x < L, t ∈ R
u(x, 0) = f(x), 0 < x < L

ut(x, 0) = g(x), 0 < x < L

u(0, t) = u(L, t) = 0, t ∈ R

u(x, t) =

∞∑
n=1

[
An cos(ωnt) +Bn sin(ωnt)

+
1

ωn

∫ t

0

qn(s) sin(ωn(t− s))ds
]
ϕn(x).

• ϕn(x) = sin
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx.

• ωn =
cnπ

L

• ωnBn =
2

L

∫ L

0

g(x)ϕn(x)dx.

• qn(t) =
〈q, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

q(x, t)ϕn(x)dx
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PDE + Initial Data + Boundary Conditions Solution

Inhomogeneous Wave Equation
IBVP on a Finite Interval (Neumann)

utt − c2uxx = q(x, t), 0 < x < L, t ∈ R
u(x, 0) = f(x), 0 < x < L

ut(x, 0) = g(x), 0 < x < L

ux(0, t) = ux(L, t) = 0, t ∈ R

u(x, t) =
1

2
(A0 +B0t) +

∞∑
n=1

[
An cos(ωnt) +Bn sin(ωnt)

+
1

ωn

∫ t

0

qn(s) sin(ωn(t− s))ds
]
ϕn(x).

• ϕn(x) = cos
(
nπx
L

)
• An =

〈f, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

f(x)ϕn(x)dx.

• ωn =
cnπ

L

• ωnBn =
2

L

∫ L

0

g(x)ϕn(x)dx.

• B0 =
2

L

∫ L

0

g(x)dx

• qn(t) =
〈q, ϕn〉
〈ϕn, ϕn〉

=
2

L

∫ L

0

q(x, t)ϕn(x)dx

Homogeneous Wave Equation
IBVP on a Finite Interval

with Inhomogeneous Boundary Data

utt − c2uxx = 0, 0 < x < L, t ∈ R
u(x, 0) = f(x), 0 < x < L

ut(x, 0) = g(x), 0 < x < L

ux(0, t) = 0, ux(L, t) = h(t), t ∈ R

(1) Define v := u− xh(t)
L .

(2) Then v satisfies

vtt − c2vxx = −xh
′′(t)

L
, 0 < x < L, t ∈ R

v(x, 0) = f(x)− xh(0)

L
, 0 < x < L

ut(x, 0) = g(x)− xh′(0)

L
, 0 < x < L

u(0, t) = u(L, t) = 0, t ∈ R
(3) Use previous solution to find v, and then u = v + xh(t)

L .

Fourier Series:

• A piecewise continuous, real-valued function f(x) on [−L,L] has Fourier series

f(x) =
A0

2
+

∞∑
n=1

An cos
(nπx
L

)
+Bn sin

(nπx
L

)
,

where

An =
1

L

∫ L

−L
f(x) cos

(nπx
L

)
dx and Bn =

1

L

∫ L

−L
f(x) sin

(nπx
L

)
dx.

• A complex-valued function f(z) has Fourier series

f(z) =

∞∑
n=−∞

cne
inπz/L where cn =

〈f, ϕn〉
〈ϕn, ϕn〉

=
1

2L

∫ L

−L
f(z)e−inπz/Ldz.

• Let f(x) be real-valued with f(x)→ 0 as x→ ±∞. The Fourier transform of f is

f̂(ξ) =

∫
R
f(x)e−ixξdx. We can write f as f(x) =

1

2π

∫
R
f̂(ξ)eixξdξ.

• Fourier Transformation Rules
(1) Let a > 0 and fa(x) := f(ax). Then f̂a(ξ) = 1

a f̂( ξa ).

(2) f̂ ′(ξ) = iξf̂(ξ).

(3) (f̂ ∗ g)(ξ) = f̂(ξ)ĝ(ξ).

(4)
∫
R |f(x)|2dx = 1

2π

∫
R |f̂(ξ)|2dξ.

(5) Let a ∈ R and τaf(x) := f(x− a). Then τ̂af(ξ) = e−iaξ f̂(ξ).
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