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Prove that a set A = {ag, a4, ...,ax} of points in R™ is geometrically independent if and only
if the set of vectors {a; — ao, ..., ar — ap} is linearly independent.

Proof. We prove the contrapositive statement. Assume the points in the set A are geomet-

rically dependent. This occurs if and only if there exists a (k — 1) hyperplane, say P, that
contains all of the points in A. So, for some k — 1 linearly independent vectors vy, vs, ..., Vg_1,

k—1
P = {a0+2uivi Wi € R1 Sigm}.
i=1

So, given any point a; € A, we can write

aj = Ap + fj; U1 + fjpU2 + -+ Foj—1y Vk—1

aj — Qo = Hj V1 + HjpUa + o+ Hg oy Vk—1
if and only if Span{a; — ag, az — ag, ..., ar — ap} C Span{vy,ve,...,v5_1}. Now,
dim{Span{a; — ag,as — ag,...,ar —ag}} =k >k — 1 = dim{Span{vy,vs,...,v5_1}},

if and only if {ay — ag, as — ao, ..., ar — ag} are linearly dependent.

A subset B of R" is convex provided that B contains every line segment having two of its
members as end points.

(a) If a and b are points in R", show that the line segment L joining a and b consists of all
points of the form
r=ta+ (1 —1t)b

where t is a real number with 0 < ¢ <1.

Proof. Let{a,b} be a set of geometrically independent points. (Otherwise, we would
have a = b, and we could not begin to consider a line segment L joining a and b). So,
we can define a 1-simplex (a closed line) spanned by {a, b} as the line L where

L={xeR"z=ta+ sb,t+s=1, and t,s € R are non-negative}
Since s = 1 — ¢, then all the points on the 1-simplex can be written as
r=ta+ (1—-1)b
Since s = 1 — t is non-negative then we must have 0 <t < 1. |

(b) Prove that every simplex is a convex set.



Proof. Let a and b be any two points in a k-simplex, 0%, spanned by the set {ag, a1, . .., ax}.
Then, a and b can be written as

k
a = Ao + Aaag + - -+ + Apar where Z)\i =land \; >0Vs
i=0

and
k

b = poag + poas + - - - + pra, where Z,ui: 1 and p; >0Vi
i=0

From part (a), the line segment joining a and b consists of all points of the form
c=ta+ (1 —1t)bwhere 0 <t <1
Thus,

c = t(Xoag + Agag + - - - + Apag) + (1 — ) (oao + proag + - - + pipay)
= [tho + (1 = t)polag + [tAr + (1 = t)pa]ay + - + [tAr + (1 — )] ap

Now, as t, \;, and p; are all non-negative for all ¢, then t\; + (1 —¢)p; is non-negative for
all 7. Also, notice that

k k
SN+ =] =t > N+ (L—t)m =t(1) + (L—)(1) =1
i=0 i=0
and so ¢ € 0¥, and thus o* is a convex set. [ |

Prove that a simplex ¢ is the smallest convex set which contains all vertices of o.

Proof. Let ¢" be an n-simplex. We proceed by induction on the dimension of the faces of
o™. Suppose C' C R" is a convex set that contains all the vertices of 0", < aga; ...a, >.
For the base case, it is by definition of C' that the O-faces of < aga; ...a, >, which are
< ayg >, < a; > --- < a, >, are all in C'. Now, suppose that C' contains all of the
(k — 1)-faces, k > 0. Without loss of generality, consider the k-face < apay ...ap >. If ©
is a point in < agay ...ag >, then we can write

k
r = E )\iai
1=0

where the numbers Ag, ...\, are the barycentric coordinates of . Then,



=0
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Let

1k—1 1k—1
t = </\0+§Z)\i> and s = <§Z;/\i+/\k>.

=1
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Then, s+t =1 and

x=1

+ s

9

which shows that x can be written as a point on a line between two (k — 1)-faces. Since
we assumed the (k—1)-faces are in C, and C is convex, then 2 € C', and so C' contains the
k-faces of . Therefore, by mathematical induction, C' contains all of the k-faces of o"
for each £k =1,2,...,n. Thus, ¢" is always a subset of any convex set C' which contains
its vertices, and thus ¢” is the smallest convex set containing all of its vertices. [
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1-6 How many faces does an n-simplex have?

Solution: Let o™ be an n-simplex. Since o™ has n + 1 vertices, there are (”Jlrl)

n

O-faces of o™. Likewise, o™ has ( ;1) 1-faces. In general, we can say that the

"H). So, we have

()

k=1

number of (k — 1)-faces is (

total faces of o™.

1-8 Triangulation of the Klein Bottle.

Qo a2 a Qo
as Qg
a3 a3
a7 ag
Qy (2]
Qo a1 a2 Qo
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9. Let K denote the closure of a 3-simplex 0 = (agajazaz) with vertices ordered by
ag < a1 < az < as.

Use this given order to induce an orientation on each simplex of K, and determine all
incidence numbers associated with K.
Solution:

Per the given order, we list the positive orientation for each simplex in K:

0-simplices:

1-simplices:

2-simplices:
+o2 = (aparas), + o5 = (agazas), —i—az = (apayas), +o3 = {ayasas),

3-simplex:
+ 0'3 = +(a0a1a2a3),
We compute the incidence number of 0% and all 2-simplices algebraically:

3

(0%, 0%] = —1 since (azapaias) = —(apaiazas)
(03 ag] = —1 since (ajapasas) = —(apajazas)
[0%,02] = +1 since (agagaias) = +{agaiazas)
(0%, 03] = +1 since {aga,azas) = +{agaazas)
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11.

Now, using the orientations shown by arrows in the figure above, we compute the

incidence numbers associated with K:

05, 0] = +1 (05, 04) =0 (03, 0] = +1 o500 =0

[Ui,oé] =-1 [U%,Ué] =+1 [Jg,aé] =0 [Ugaé] =0

[02, a}y] =0 [0[23, O'i] =1 [a,2y, a,ly] = -1 [agaﬂ =0

o5, 05) = +1 05,05 =10 03,051 =0 [o505] = +1

o5, 0] =0 05, 0e] =0 (03, 0¢] = +1 [o5oe] = —1

[02, O’é] =0 [U%, Ué] =+1 [03, O’é] =0 [agaé] =+1
(00, 00] = =1 [og,00] = =1 [0y, 00l = =1 [0500,] =0 [ocoy] =0 [op05] =0
[ai,ag] =+1 [Ué,dg] =0 [ai,ag} =0 [0&02] = -1 [06102] = -1 [Jéag] =0
[05,02] =0 [Jé,ag] =41 [a,ly,ag} =0 [agag] =+1 [06103] =0 [U%O’S] =1
08,051 =0  [o5,05] =0 [og, 0] =+1 [o305] =0 [o005] =+1 [opo5] = +1

In the triangulation M of the Mobius strip, let us call a 1-simplex interior if it is a
face of two 2-simplexes. For each interior simplex o;, let &; and &; denote the two
2-simplexes of which o; is a face. Show that it is not possible to orient M so that

(1)

[Fia Ui] = _[?za Ui]
for each interior simplex o;.

Proof. We start by proving the following Lemma:
Lemma. Let 0 = (q;ajar) and o5 = (a;ajae) be any two 2-simplices meeting along
the common 1-simplex o' = (a;a;) in a coherently oriented 2-complex. Suppose

—i—a% = (a;ajay)

Then, no matter the positive orientation of o', we must have
+035 = {a;ja;a)

In other words, in the triangulation of a coherently oriented 2-complex containing two
2-simplices, we must have that the two swirls — which are drawn in the triangulation
to show positive orientation — of each 2-simplex must both be clockwise or counter-
clockwise.

Proof of Lemma. Let o},03, & o' be as above. Suppose +0' = (a;a;). Then [0, 0] =
+1. Because we are in a coherently oriented complex, we must have [03,0'] = —1.
This implies 403 = (a;ja;a,).

Now suppose +o' = (a;a;). Then [67,0'] = —1. Now, because we're in a coherently

oriented complex, we must have [0, '] = +1. This implies +03 = (a;a;ay). |
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To get a contradiction, assume that the Mobius strip is orientable. By the Lemma, we

can draw a counterclockwise swirl in each 2-simplex.

a3

Qg

as

Qo

®
®

®
®

®
®

Qo

This means +(apasas) = (apasas) and +(apazas) = (apazas). Without loss of general-

ity, suppose +(agas) = (apas).

ai

a2

a3

as Q4 as Qo
| OO OO OO !
Qo aq (05} as
Then, we have
[(apasas), (apas)] = —1 and [(apazas), (apas)] = —1,

which is a contradiction. Thus, the Mobius strip is nonorientable.
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2-1

2-2

Suppose that K; and K5 are two triangulations of the same polyhedron. Are the chain
groups C,(K;) and C,(K3) isomorphic? Explain.

Solution:

Although K and K5 are two triangulations of the same polyhedron, they may not have
the same number of p-simplexes. So, suppose C,(K7) has o, p-simplexes and C,(K>)
has 3, p-simplexes. Then,

Co(Ky) =2 7% and C,(K,) = Z
Then, C,(K) = C,(K>) if and only if o, = f,.

Suppose that complexes K; and K5 have the same simplexes but different orientations.
How are the chain groups C,(K;) and C,(K3) related?

Solution:

C,(K;) and C,(K>) are isomorphic because K; and K5 have the same simplexes. How-
ever, since some (if not all) of the simplexes of K; have different orientations from that
of K5, the p-chain of a given p-simplex in K7 will be the negative of the p-chain of that
same p-simplex in Ky. More precisely, suppose o” is a p-simplex in K; and K5 such
that the orientation of o? in K is not the same orientation of o in Ks. Let ¢, be the
p-chain for o” in K; and d, be the p-chain for o” in K. Then, ¢, = —d,.

Prove Theorem 2.2.

Theorem 2.2. If K is an oriented complex, then B,(K) C Z,(K) for each integer p
such that 0 < p < n where n is the dimension of K.

Proof. Let b, € B,(K). Then, there exists ¢,+1 € Cp+1(K) such that d(c,11) = b,. So,
A(by) = 9(0(cpt1)) = 0*(cpi1) =0

by Theorem 2.1. Thus, b, € Z,(K). ®



Nicholas Camacho Topology (Discussion) - Homework 6 October 14, 2016

Ch2-16 Let K be a complex and K" its r-skeleton. Show that H,(K) and H,(K") are isomor-
phic for 0 < p <r. How are H,(K) and H,(K") related?

Proof. Since K" contains all m-simplexes of K for all 0 < m < r, then C,,(K) =
Cn(K") for all 0 < m < r. Since p < r, then p+1 < r and so Cp11(K) = Cpy1(K").
Then,

By(K) = 0pt1(Cp1a(K)) = Ops1(Cpra (K7)) = Bp(K")

and since 0, : C,,(K) — Cp_1(K), then
Zy(K) = ker(8,) = Z,(K").

So,
Hy(K) = Z,(K) | By(K) = Z,(K") | B,(K") = Hy(K").

Let n = dim(K') and notice that for any r < n, B,(K") = {0} since K" contains no
r + 1-chains and so H,(K") = Z,.(K"). Since K and K" contain the same r-simplexes,
then we always have Z,.(K) = Z,.(K"). Notice

H,(K) = Z,(K) | B,(K)
and

Hy(K") = Z,(K") = Z,(K).

So H,(K) is in fact a quotient group of H,(K"). ®
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1. Homology groups of the Klein Bottle. Let K be the triangulation given on the next
page.
(a) Hy(K)
Since K contains no 3-chains, By(K) = {0}. Label edges in K as follows:
Type L: (06), (36), (03).
Type II: All other 1-simplexes.
Notice that for any Type II edge o', we have

Now let 22 = 3" gijr(ijk) € Zo(K). Since the coefficients of 9(z?) are all 0, then
gijx = g for all ¢, 5, k. So

0 = 9(z%) = —2¢(03) — 2¢(36) + 2(06) (1)

which implies ¢ = 0 and so z? = 0. Thus, Z(K) = {0}, therefore Hy(K) = {0}.

(b) Ho(K)
Since all 0-cycles have boundary 0, then Zy(K) = Co(K). Foralli € {1,2,3,4,6, 8},
let ¢; = (0i). Then let ¢; = (06) — (56) and ¢; = (01) + (17). Notice that for all
i€{1,2,3,4,6,8}, we have (i) ~ (0):

(i) = (0) + 9((ci)) = (0) + (i) — {0),
and also:
(5) = (0) + 0((c5)) = (0) + (6) — (0) = ({6) — (5)) -
and
(7) = (0) + 0({c7)) = (0) + (1) = (0) + (7) — (1).
Thus, given 2° = 35 g:(i) € Zo(K) we have

Thus, z° ~ (0), which means all cycles in Zy(K) fall into the same homology
class. Thus,
Ho(K) = {g(0) + Bo(K) | g € Z} = Z.
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(c) Hi(K)
Let z§ = (01) + (12) — (02) and 2{ = (03) + (36) — (06). Notice that 2 has order
2 in homology, since by (1), for any ¢* € Cy(K), we have
(c?) = 29(03) — 2¢(36) + 2(06)
1

Now, notice that z{, 23, and 2] — 2} are not boundaries. If, for example, 2} were a
boundary, then since all edges not in 2z have coefficient 0, the boundary formula

says that if
A= ginijk)

we get gijx = g for all 4,7, k.. Thus [2{] # [24] and both classes are nontrivial.
Now, let

(

ij)eK

We perform “the trick” as indicated in the triangulation below to build a ¢ €
C5(K) such that

21 +0(c*) = por(01) + p1a{12) + pe{02)
+ QQ3<03> + 436 <36> + q06<06>
+ h17<17> + h47 <47> + h45 <45> + h6g <68>

Observe that (5) is isolated. So, hi; = hyy = hgs = 0. Moreover, (8) is isolated,
which gives hgg = 0. Computing 9(z' + 9(c?)) yields

P = DPo1 = P12 = —Po2
q = qo3 = P36 = —qoe6-

Therefore, 2! + 9(c?) = p(2}) + q(z}), and so
[='] = plzo] + ql21]

which implies
H\(K) = ([z), [s1]) 2 Z x Z/2Z.
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Ch 2, # 13 Prove that the geometric carriers of the combinatorial components of the complex K and
the components of the polyhedron |K| are identical.

Proof. Let K1, Ko, ..., K, denote the combinatorial components of K. Let Cy,Cs, ..., C,,
denote the path components of |K|. It suffices to show that r = m, and up to reordering
of indices, |K;| = C;, for alli =1,2,...,r.

Let K; be a combinatorial component of K. We need to find a path component C; for
which C; D |K;|. Let x,y € |K;|. Then, z and y belong to some simplices o, and oy,
respectively. First suppose o, No, = 0. Since 0, and o, belong to the same combinatorial
component, there is a path of 1-simplices o},0,... 0! which creates a path between o,
and o,. Let

02 =0, N (Ui U 0711),

or in other words, ¢V is the vertex of o, which is also a vertex of one of the “endpoints” of
the path created by the 1-simplices. Likewise, define 02. Recall the simplices are convex.
In particular, there exists a path in o, from z to ¢%. Similarly, there exists a path from y
to 02 . So, we have a path from z to y, so that |K;| is contained in some path component
Cj.

Now suppose o, N o, # 0. Since we are in a properly joined complex, there is at least
one vertex Ugy for which agy € o, Noy,. Again since simplices are convex, there exists a
path between x and ng, and also between agy and y. Therefore, there is a path between
x and y. So again, |K;| is contained in some path component C;.

**Could not figure out opposite inclusion. (Guess I should have went to office hours).
Alex helped me here:***

Let C; be a path component of |K|. We claim that C; is a union of simplices of K.
That is, if o is a simplex which intersects C}, then ¢ C C;. To see this note that the
intersection of ¢ and C} is nonempty, then they share at least one point in common, say
x. Since simplices are convex, there is a path from every point in ¢ to . Also, there
exists a path from every point in C; to z. By transitivity of path connectedness, every
point in o is path connected to C;, and hence, 0 C C;. Now we claim that any two
simplices in C; are combinatorially connected. So suppose 01,09 C C;. Let v be a vertex
os 0y and w a vertex of oy. Suppose first that oy Moy = (). Since C; is path connected,
there exists a path in C; from v to w. Since C; C |K]|, there exist simplices 71,72, ..., 7,
of K so that the path is connected in |JI_, 7, and 7, N 7; # () for all 4. So there exists a
simplex 71 (up to reordering) so that x € oy N7y. Let r; be the largest integer for which
71N7N- N7 # 0. Let v; be the shared vertex. Then there exists (by the definition of a
simplex) a 1-simplex o so that o] contains both v and v;. If 1 = n, we are almost done.
If not, continue in this manner: while 2 < ¢ < n, let r, be the largest integer for which
Try_y NTrp_ 41NN Ty, # 0. Let vy be the shared vertex. Then there exists a 1-simplex o}
so that o} contains both v,_; and vy. Once 1, = n for some ¢, stop the process. Then since
vy and w are vertices of o} there exists a 1-simplex o441 containing both vy and w. Thus
there exists a sequence of 1-simplices 0703, ... 04, so that v € oy N0}, w € 07, Noy and
of N}l #0forall 1 <i < (. This tells us precisely that oy and o9 are combinatorially
connected. If however we had o1 Ny # 0, then they’d still be combinatorially connected.
Therefore, there exists K; so that C; C |K;|. ®
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11. Derive the possibilities for (m,n, F') referred to in the proof of Theorem 2.7. How do
you rule out the cases m =1 and m = 27

Proof. We use the following relations from the theorem:
F2n—mn+2m)=4m, n>3,m<6

If m =1, then F(n+ 2) = 4. Since n > 3, then 4 = F(n + 2) > 5F, which cannot
happen. If m = 2, then 4F = 8 which means F' = 2. Then By Euler’s Theorem,
V—-FE =0 = V = E, which cannot happen.

m=3 = F(6—n)=12
— n=3,F=4
orn=4,F =6
orn=>5F =12

= (m,n,F)=(3,3,4)

or (m,n, F) = (3,4,6)

or (m,n, F) = (3,5,12)

m=4 = F(8—2n)=16
— n=3,F=8
= (m,n, F)=(4,3,8)
m=5 = F(10 — 3n) = 20
= n=3,F=20
= (m,n, F) = (5,3,20)



Nicholas Camacho Topology Discussion - Homework 9 November 11, 2016

14. Prove that the pth Betti Number of a complex K is the rank of the free part of the
pth homology group H,(K).

Proof. Suppose R,(K) = r and H,(K) = Z° & T\ & T2 & --- & T,, where each T;
is a finite cyclic group. Thus, r is the largest integer for which there exists cycles
{z0,..., 2P} C Z,(K) which are linearly independent with respect to homology. That
is

9

> giet = o)
=1

for some ¢#™! € C,y 1 (K) if and only if g; = 0 for all 1 < ¢ < r. This is equivalent to
D gzl =[0] <= g=0 V1<i<r (%)
i=1

We claim r = s.

Notice that (x) € Ty & --- & T,, if and only if the first s coordinates of (z) are
zero and there exists a non-negative integer g so that ¢ - (z) = 0 (In particular, g =
max;{|7;|}). So, for a fixed homology class [zF], if ¢ - [27] = 0 then by (x), g = 0. Thus,
(211 ¢ Ty @ --- @ T, so that [2F] € Z° for all 1 <4 <r. We also have from (x) that the
collection {[z;]F} is linearly independent in Z*, so that

r = rank(span{z},..., 2P}) < rank(Z°) = s.

Let eq,...es be the standard basis elements of Z°. That is, for each 1 < i < s,
we have e; = (0,...,0,1,0,...,0) where the 1 appears in the ith coordinate. Pick
representative ' from the equivalence classes corresponding to e; for all 1 < i < s.
We claim {a%, ..., 22} are linearly independent with respect to homology. Once this is
verified, then s < r since r is the maximal integer so that there exists cycles which are
linearly independent with respect to homology. Suppose there exists integers ¢, ... gs

and ™! € C,41(K) such that Y, gzt = 9(cP*h). Then
D gt =0T = Y gila?] =[0]
i=1 -1

< igiei =0
=1

<= ¢; =0 Visince the e;’s are linearly independent.

— {af,..., 2%} are linearly independent w.r.t. homology.
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Ch2, # 15 Find a minimal triangulation for the torus T’

Proof. First note that T is a 2-pseudomanifold. Also, Ho(T) = Z, H\(T) = 7Z?, and
Hy(T)=7Z. So x(T) =1—2+1=0. Therefore by Theorem 2.8, the number of 0, 1,

and 2 simplexes are

ao > % (7+ V19 —24(0)) = 7
a1 > 3((7) = (0)) =21
0 > 2(21) _ 14

Hence a minimal triangulation of 7" will have 7 vertices, 21 edges, and 14 faces.

Py

0 1 2 0




Nicholas Camacho Topology Discussion - Homework 11 December 1, 2016

Ch2, # 22

Ch2, # 23

Show that an orientable n-pseudomanifold has exactly two coherent orientations for its n-simplexes.

Proof. Let K be an orientable n-pseudomanifold and o', o, be any two n-simplexes in K. Since K is
an n-psuedomanifold, there exists a sequence of n-simplexes

ot,0y,...05
so that o7 No?,; = o7~ for some n — 1 simplex 7'~ " for all 1 <4 < k — 1. Since K is orientable,

[Uznao—znil} = _[O—Z»lao—znil} V1<i<k-1
Therefore, once an orientation on o7 is determined, the orientation on o4 is determined, and thus
the orientation on ¢4 is determined, and so on. Since o7 has exactly two possible orientations, and o}’
was arbitrary, all of the n-simplexes of K have one of two possible coherent orientations. -

If K is an orientable n-pseudomanifold, prove that H,(K) = Z.

Proof. Since K is orientable, give it a coherent orientation. Since By, (K) = {0}, then H,(K) = Z,(K).
Let

2" = Zgiaf € Z,(K).
i

Since 9(z™) = 0, then

0=29 (ng?) = Za(gia?) = Z Z [0?70?_1]91' ol | = thag_]L'

'3 O_;L—IGK

Since K is a m-pseudomanifold and 2™ is a cycle, then each n — 1 simplex lies on exactly two
n simplexes so that the coefficient on each o} ~! is a linear combination of two integers, i.e., hy =
(9r £ gs) where o and o7 are adjacent n simplexes. Moreover, since K is coherently oriented, then
he = £(g, — gs) for all £. Since 0 = thz_l, then hy; = 0 for all £. This show that each pair of
adjacent simplexes have the same coefficient in 2™. We now show that in fact all n-simplexes have the
same coefficient in 2™ so that 2" = )" go* for some integer g, and hence H,(K) C Z.

Fix two n simplexes o7 and ¢}', i > 1. Then there exists a sequence of n simplexes

o =o0.,00,...,00 =0
so that o3 Mo = a?p‘l for all 0 < p <m — 1. Since 0 = h;, = £(g;j, — gj,,,) forall 0 <p <m —1,
then
91 = Gip = Gi1r = Giz = " = i1 = Giry = Gi-

Since o' was arbitrary then all n simplexes in 2™ have the same coeflicient.
Conversely, suppose
"= Zgain € Cp(K)
for some integer g. If the n — 1 simplex 6"~ ! is a face of o7 and 0%, then since K is coherently oriented

n—l] n—l]

[0?70 = _[0370

which implies
o) = (g—g)ob =0

and thus ¢” is a cycle. Therefore, Z C H, (K).



